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Generalized field equations in general relativity
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N.B., Canada
1 Department of Mathematics, University of Exeter, UK

MS. recerved 30th March 1971

Abstract. Generalizations of Einstein’s field equations in general relativity
are derived by considering variational principles in which the components of
an ennuple, or tetrad, are the quantities which undergo variation. The con-
servation law for the field equations is established and the weak field
approximations discussed. The equations are solved by the method developed
in a previous article. Many solutions are obtained, all of which are inferior to
the Schwarzschild solution.

1. Introduction

In a previous article (Tupper and Phillips 1970, to be referred to as I), we have
suggested a method of solving alternative field equations in general relativity based
on the use of ennuple or tetrad vectors, The particular field equations which were
the subject of that investigation were those proposed by Kilmister (1967) in an attempt
to overcome some of the unsatisfactory features of the Schwarzschild solution, notably
the lack of agreement with Mach’s Principle. It was shown in I that the two solutions
found for Kilmister’s equations were far less satisfactory than the Schwarzschild
solution, However Kilmister’s choice of equations was somewhat arbitrary and in this
article we propose to derive field equations for the ennuple vectors from variational
principles and to use the methods of I to find solutions. These field equations will
be generalized field equations, rather than alternatives, since the Einstein field equa-
tions occur as a particular case.

Field equations of this type were the subject of an investigation by Pellegrini
and Plebanski (1963, to be referred to as PP) but their main concern was to obtain
Einstein’s field equations, and hence the Schwarzschild solution, together with
additional conditions which would enable them to find a satisfactory energy-momen-
tum complex. Here we are concerned with the problem of finding solutions to the
generalized field equations other than the Schwarzschild solution in the hope that
one, at least, will have the good points of the Schwarzschild solution, that is, agreement
with observation, with none of its difficulties an mentioned in I.

In fact, all the solutions that we find to these generalized field equations are inferior
to the Schwarzschild solution, although they have a number of interesting features.
This is disappointing but we feel that this investigation is necessary if one takes the
point of view, expressed in PP and by Plebanski (1962), that the ennuple, rather than
the metric tensor, should be regarded as the basic physical entity. If this view is
accepted then there is no reason to assume that the Einstein field equations are neces-
sarily superior to any other field equations to be considered here. The final choice of
field equations may have to be based on the suitability of the solutions found to the
various field equations. If this is so then the present investigation is inconclusive
since only a restricted number of solutions have been found so far.

In § 2 we establish two theorems concerning the divergence of tensors obtained
from variational principles in which the ennuple components 2,* are the quantities
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598 B. O. J. Tupper and G. W. Phillips

to be varied and in § 3 the variational principle technique is used to find the general-
ized field equations. A discussion of the weak field approximations is given in §4.
In §5 the field equations are solved in certain particular cases using the method of
solution devised in I, and in § 6 the solutions are discussed.

Throughout this article greek letters are tensor suffixes and latin letters are
ennuple, or tetrad, suffixes. Both types of suffix take the values 1, 2, 3, 4.

The notation used in I is as follows: The ennuple £,* and its inverse A%, satisfy

hihie = 75
hilts = gep
where 7;; is the Minkowski metric tensor (—1, —1, —1, 1) which is used to raise

and lower ennuple suffixes.
Two asymmetric affine connections can be defined by using the ennuple, namely

- P 1
A, = bR 5 = —h A5,
and

Paﬁv = kéakiﬂ,v = —kiﬁhia.y
AaB‘/ = Fa?ﬁ'

so that

Covariant differentiation with respect to A%, is denoted by a single line |.
A tensor C%, is defined by

CaB'/ = Aaﬁy— {g'/} = hiahi}';ﬁ

where the semicolon denotes covariant differentiation with respect to the Christoffel
bracket connection {%.}. If follows that when C%,, = 0, the space is flat; the converse
is true only if we use the ‘proper ennuple’. Note that C,p, = £,.C¢;, is antisymmetric
in the first and third suffixes: From C%, we can form a vector C, = C%,, = —C, %

2. Divergence theorems

In the usual formulation of general relativity theory the field equations are ob-
tained by an action principle in which the variation of a scalar density with respect
to a small variation of the metric tensor g,, is considered. It is well known that such
‘a variation produces a symmetric tensor B,; which is such that B,?.; = 0 (Eddington
1924, §61). We will now establish the corresponding result for variations with
respect to small variations of the ennuple 4%

Let L be an invariant function of the %,, and their derivatives and let 2 be the
determinant of 4;,. It follows that 2 = 4/ —g. Define the invariant

J = f Lh déx
D
where d% = dx* dx? dx® da*, over the domain D of space-time bounded by a
hypersurface S. Consider the variation of J due to a small variation in the 4,, in

such a way that the variation of the ennuple and its derivatives vanish on the boundary
S. Then it is easily shown that

5T =8 f Lhdéx = f hPsh,, d
D D
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where P is the variational derivative of L with respect to A, that is

3L
Shio:.

Pt =

If we suppose that the variation 8%;, arises merely from a coordinate transforma-
tion then an argument analogous to that given by Eddington (1924 § 61) leads to

oh
5 = f ((hPi“hw)_a—hPi“fn—ﬁ) St di,
D ox?

This vanishes under arbitrary variations 8x% so

ohy,

(hPiehg)  —hPH 2 = 0.
' oxP
If we write Py* = ;5P this becomes
(hPBa).a—hPiahiyA?ﬁa = 0
that is _
that i h(Pﬁm'“+{zy}Pﬁa—PvaA7ﬁa) =0 (1)
at is
Py, =0 2)

since A?,—{%,} =/C",, = 0. Hence we have theorem 1:
The variational derivative
8L

pie =
Shy,

‘of an invariant function L of the 4,, and their derivatives satisfies the vanishing diver~
gence equation

Pﬂalar‘o

where P,% = h;pP'* and the line denotes covariant differentiation with respect to
the asymmetric affine connection A%, = kA%, ;.

Note that it does not follow that P%%, = 0 since g,4,, # 0.

If the Lagrangian density of matter, including all nongravitational fields, is added
to L then, in the usual way, the field equations resulting from the action principle
will be '

pic — kTix

that is
Py = kTp" (3)

where k is a constant and T,® is the energy-momentum tensor of matter and other
fields. It follows from (2) that T,* satisfies

Ts%l, = 0. 4)

In general relativity the usual conservation law T;%, = 0 is imposed as a co-
variant generalization of the law T, = 0 in special relativity. Equation (4) is a
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different covariant generalization of the special relativistic law; in the absence of
gravitation, that is in a flat space-time, it is easily seen from (1) that (4) reduces to
T, = 0 if we use cartesian coordinates and the proper ennuple.

Now equation (1) can be written in the form

Pﬁa.a + {;v}Pﬁa - {/;’a}Pw - Pmcvﬁa =0

and since C 4, is antisymmetric in y, « it follows that the last term is zero if P#“is a
symmetric tensor. Hence we have theorem 2:
If P is a symmetric tensor then it satisfies the divergence equation

P Ba;a = O.

Hence if, for the usual reasons, the energy-momentum tensor is required to be
symmetric, it will satisfy the covariant divergence equation 7%, = 0. The field
equations (3) will then have the form

Pleel —
(5)
Pp6e) = g5«

where the square and curved brackets denote the antisymmetric and symmetric
parts respectively.

3. Derivation of the field equations

In PP, invariants bilinear in the first derivatives of the ennuple field are constructed
and a linear combination of them is used as the most general Lagrangian L. It is
found that there are only seven possible invariants one of which is a pure divergence
and, of the others, only four are independent, namely

Ll = Caﬁycaﬂr

‘L2 - Co:ﬁrcayﬁ

L; = C*C,

L4 = EaB ydcacﬁ.,é
where €#7¢ is the Levi-Civita tensor density. (These are not the four invariants used in
PP but are linear combinations of them which give simple expressions in our

notation.)
By carrying out the variations

8 [Lhdtx =0 (@a=1,..,4)

where the ennuple components A%, are the quantities to be varied, we find the following
field equations corresponding to Ly, Ly, Lg, L, respectively

D} = kT, (6)
E;’ = kT, (7)
F“v = kBTuv (8)

Huv = k4Tuv. (9)
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The expressions on the left sides of these equations are

DY = SZC“MC“M =2C, 0 =2(C, = CV5 + C%) (10)
E} = SZCaByCWﬁ_zcauv;“_zcwﬁcaﬁv (11)
F = 8,(C%C,+2C%,) +2C,C%» ~2C",, (12)

Huv = (ﬂ“ﬂ’éCsya);u - SZﬂ“ﬁyacaCﬁ ¥é “guﬁ"’)vﬂ ydcy;é

= 2B C, Co + 208 C,C s+ 187 Cl5,5C (13)

where the tensor %% is defined by

1
naﬁyé = OBV leaﬁyd‘
vV —g

The most general field equations will thus be of the form

a;D,’+aEY+aF,"+a,H = kT, (14)

where a,, ay, a3, a, are constants.
Note that the Ricci scalar is given in terms of C%, by

R = C*¥C,,;—C*C,—2C",,. (15)
If we consider the variation

8 [ Rhds
then the last term of (15) contributes nothing since it is a divergence and we obtain

-2G, = E,—F, (16)

where G} is the Einstein tensor. Thus, as expected, the usual field equations of
general relativity are a special case of the field equations (14).

4. Weak field approximations

Before attempting to find solutions of the field equations we will investigate their
weak-field approximations. For this purpose we follow Kilmister in using an almost
cartesian system in an almost Minskowskian space-time and choosing the ennuple
to be (almost) the simplest diagonal form, that is, we choose it to be (almost) the proper
ennuple. In this case we may write

8up = Napt Kap (17)
and
kia = Nig + €e (18)

where both ks and €,, are small and «,; is symmetric. This choice of ennuple ensures
that C%, which is zero for the proper ennuple in a flat space, is small in the almost
flat space.
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We then have
g% = 7 — k8
from which, to the first order in small quantities

k¥ = @B

As usual we impose the de Donder condition

g%t =0
which leads to
1 = g e (19)

The ennuple must satisfy

N hiahig = Nag + Kag
so from (18) we find that

€op T €50 = Kup (20)
where €,; = 8'.e,5. We assume, as in I, that the ennuple corresponding to the metric

tensor of a static space-time will also be time-independent.
Applying this to the field tensor D,” given by (10) we find that

Duv = — 20k — ey + ey — 3€ua.av — &% €0~ ave

For a static metric this gives
Dyy = 2V%kygy

so that the vacuum field equations D,, = 0 imply that Laplace’s equation is satisfied
if we make the usual identification x,4 = 2¢/c%

Consider now the equations D,, = k,T,,. In a static space-time, with matter
but no internal forces we have

T =pc2and T2 =0 (2, B not both 4).

For a weak field and almost cartesian coordinates the only covariant component, to
the first order, is Ty, = pc?. Then D,, = &k, T, implies

4
zg qug = k;pc?

and this is Poisson’s equation V2¢ = 4myp if k) = 16my/c* so that field equations are

167y

Duv= g Tuv'

By an identical argument we find that equation (7) gives Laplace’s equation in the
absence of matter and Poisson’s equation in matter provided that we make the
identification
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Equation (8) leads to (]« = 0 in vacuo which imposes no restriction on k44 s0
this equation does not lead to either Laplace’s equation or Poisson’s equation.
Equation (9) is identically zero in the weak-field approximation.

Hence we have that the field equations (6), (7) are the only ones which individually
can be used to describe the gravitational field. It follows that in the general field
equations (14) we must have either a; # 0 or a, # 0 for the equations to be suitable
for the description of the gravitational field.

In the next section we will be concerned with the field equation

E,—aF,, =kT, 21

where a is a constant. We will now investigate the weak field approximation of these
equations. From (16) equations (21) can be written in the form

Guv _%(1 "‘a)Fuv = —%kTuv (22)

so that when @ = 1 we have the Einstein equations. For a weak field (21) becomes
Ey—aF, = —Orptefmtefaw+enn—a

— (2% 5 — L) + @(2€% 0y — K 3)-
Contracting this expression and using (20) we obtain for a vacuum field
(1-3a)k—(1-3a)x* ., =0 (23)
so that, if @ # 1, equation (19) gives
[k = «% ,, = 0.
Taking the (4, 4) component of (21) for a static vacuum field

E44'—'aF44 = — DK44—2a€aﬁ,aﬁ+aDK =‘ O
that is
= [Okge+3aJc =0 (24)

[(Jxaa = 0 (25)

that is

so Laplace’s equation is satisfied.
In matter Ty, = T,* = pc? to the first order and we find

(1= 3a)( Tk — %6 5) = kpc® (26)
from which we obtain, if a # %
2a—1

kpc? 27
P (27)

—ksa =

that is

vzgg_%k(z_a__l) ot
B 3a—-1 pe

This is Poisson’s equation provided that

8mry 3a—1

¢t 2a-1

(28)
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There are two special cases to consider, namely ¢ =  anda =% Whena =}
we see from (27) that we can obtain Laplace’s equation but not Poisson’s equation,
so that the field equations with @ = } can describe a vacuum field but not a material
distribution. When a = § we see from (26) that 2 = 0, so again the field equations
cannot describe a matter distribution. For a vacuum field we cannot find the
relation (25) since (23) vanishes identically and we are left with only the

equation (24), that is
— [Oxga+3x = 0.

It follows that the field equations with @ = } reduce to Laplace’s equation if, and
only if, the additional restriction [Jx = 0 is applied.

Since in this article we shall be concerned only with vacuum solutions of the
field equations, the two cases ¢ = % and a = 1 will be considered as being acceptable.

5. Explicit form of the field equations
Consider first the general field equations (14) in a static spherically symmetric
space-time of the form
ds? = €2 df2 — e/(dr? + 7% d6% + 12 5in20 dg?) (29)

where p, v are functions of » only and the velocity of light has been given unit value.
Following the argument of I we use an ennuple of the form

) ht = 00F
where 0 is the matrix
sinfcos¢ cosfcosd —sing

cos 6 ~sinf 0

0
sinfsind cosfsing coséd O
0

0 0 0 1

@ is the product
H34(Bs)H 34(B2) H14(B1)
in that order of the matrix

coshfB; 0 0 sinhp,
0 10 0
Hy4(B1) = 0 0 1 0

sinh8, 0 0 cosh§,

representing rotations in the (x, ) plane and two similar matrices Hy4(85), H3z4(B3)
representing rotations in the (y, ¢) and (2, ¢) planes and & is the matrix
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For a static space-time we assume that 8;, B;, B, are functions of 7 only. The reasons
for adopting an ennuple of this form are explained at length in I.
With this tetrad the nonzero components of the tensor C%, are found to be
Cll2a C122> Clle 0123) CISS’ 6114) C124) ClSé) C144’
Czlls C221a C213) 0223’ C233, 0214) C224’ C234)
C’311> C321) C331> C'312» C822’ 0332’ 0314’ 0334)
C411s C421) C431’ C441) C412’ C422a C432) C413’ C433'
We can now compute the sixteen vacuum field equations (14) from the values of

C%,. These field equations are complicated; however after a tedious but straight-
forward calculation using the (2, 2), (2, 3) and (2, 4) equations we find that '

/32 = /93 =0
as in I. Putting B,, B; equal to zero the following results are found:
Hy,=0 (30)
and
C¥1C o, = 2C*87C,,. . (31)
The second result means that
D uv = ZEuv (32)

and it follows from (30) and (32) that the general field equations (14) simplify to the
form (21), that is
E, —aF,, = kT,

where £ is given by (28), or to the equivalent equation (22).

Note that the relation (31) is not an identity and appears to be due entirely to the
choice of ennuple. This choice of ennuple thus leads to a remarkable simplification
of the field equations.

In a vacuum field the equations (22) become

G,—31-a)F,, =0
which can be written as :
R, "%guvR -(1- a){CaC“uv - Cv;u +3£,,(C*C,+ ZC"‘;Q)} =0 (33)

from which we obtain the field equations in the form

RHV = (1 - a)(cacauv - Cv;u —%guvca;a)' (34)

The only independent field equations which are not identically zero are the (1, 1),
(2, 2), (4, 4) and (1, 4) equations which are respectively:

14

3Ba— 1) +(Ba— 1y +3(a+ D2 +3a—3)u"' + (1 - a2 +2(a— 1)’%

‘ ! 1 ’ 14
a1 +1-a) +(1-a)“icoshﬁl+(a-1)”7coshﬁl+(a—1)51'2
¥ v

+(1——a)%/81’sinhﬁl-i-(a—l)rlzcosh,sl =0 (35)
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’ ’ 1
Ha~ W'+ @ +}a—Dp? +3C3a~ D' +a2+2a- 1) 13¢5 1 (1-a) =
¥ 7 ¥

1 ’
+(a=1)— cosh By +(a=1)=-cosh f; = 0 (36)

Ha+ 1w +(@— 1" +3a+ Dp? +33a— ' +(@— 12 +2a 3a—1)2-
¥ s
1 7y v’ , 1
+(@a—1)— + (1 —a) —cosh B; + (1 —a) —cosh B; + (1 —a) — cosh 8,
4 s ¥ ¥
1 |
+(1-a)- B sinh By = 0 (37)

2 2 1
(a—1) {Bl"-i- (M"*‘V/‘l‘ —) By — . (v’—{- -) sinh ,81} = 0. (38)
¥ 7
No general solution of these equations has been found, so, as an additional
simplification, we will seek only those solutions for which 8, = 0, that is, in the termin-
ology of I, we will seek solutions that are reducible to zero-parameter solutions.
Putting 8, = 0 equations (35) to (37) become:

13a—1)'+Ba— 1) +Ha+D)u? +3a—3)p' +(1—ap2+(a— 1) w247 = ¢
. v s

(39)

14

Ha— D'+ " +3a—Dp+3Ba—Dph' +av?+ (22— 1) +(4a—1)— = 0 (40)
s v

Hat+Dp'+a— 10" +3(a+D)u?+3Ba—Vp'v'+(a—- 1'%+ (a+ 1) ri+ 2(a—1) Yo,
,
' (41)

Note that when a = 1 the equations (34) become the Einstein vacuum field
equations which give the Schwarzschild solution. In this case (38) vanishes identically
for all values of 8; which illustrates the point that in this case the Lagrangian and the
resulting field equations are functions of the metric tensor rather than functions of the
ennuple. We seek solutions of equations (39) to (41) for which a # 1.

6. Solutions of the field equations
The following solutions of equations (39) to (41) have been found:
(i) a=0:
m 3m2)4/3 {4\/2 L ( v/ 2m/[4r
e ()

A = (14 = 4 2 ve VAT
@ e ( T T P e
m 3m?\ 8 —44/2 \2m|4r
2y 1 _ _ -1
¢ ( - r i 872) exp{ 3 fan (1+(m/27))}

where m is a constant.

(B) e = p83 e =y
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(it @ =
po=v
(ili) @ = $%
m\* - omy T2
N
v/ 7
(8) g =y T4 e =y,
(iv) a = &:
5 b 8/56 . l b 2/5
(W e (147 e == (1+2)
7 ¥ v
where b is a constant,
m 2
(B) w=10 e’ = (1+—)
v
where m is a constant.
bZ
© w=0 ==
7,2
where b is a constant.
(D) e2u = 1,—-8,’5 eZV - ;,—12/5.
(v) a =3:
5/2 -1/2
e = e M7 (1 - E@) / e = emr (1 - %@) .
Sr 5

These solutions may be grouped as follows:

Type 1. Conformally flat space—times

From (ii), when @ = } the solutions are conformally flat space~times. If we
consider the field equations for the case when p, » are each functions of » and ¢, then
we find that the additional terms in equations (39) to (41) each have a factor (1— 3a),
so that when a = % the time-dependent solutions are again conformally flat space—
times. Since any spherically symmetric conformally flat space-time can be written
in the form

ds? = e2(dt2— dr?—72 d§2—r2 sin?9 d¢?)

where p = p(7, t), it follows that every spherically symmetric conformally flat
space-time is a solution of the field equations (22). This result must be due to the
choice of ennuple since the equations (22) with 4 = 1 are not sufficient to ensure the
vanishing of the Weyl tensor.

It is easily shown that equations (39) to (41) admit conformally flat solutions
only when a = 3, and it can also be shown that if we use equations (35) to (38)
taking B, # 0, then the same results appear when we use the fact a space-time of the
form (29) with p = p(r, £), v = ¥(r, t) is conformally flat if

exp(p—v) = a+br?
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where a, b are functions of ¢ only. Hence we have the curious result that when a = }
an ennuple can always be found such that every conformally flat spherically symmetric
space-time is a solution of the generalized field equations and this ennuple gives
conformally flat solutions only when a = §.

Amongst these conformally flat solutions are the static Robertson-Walker models

R? )
d82 == dtz— (_]_TFW (d1’2 +72 d@z +7'2 Sln26 4952).
When & = +1, this is the Einstein universe and when & = —1 this is an open model.

The latter was found in I as a solution of Kilmister’s equations C%,., = O and, asin I,
these are solutions of the field equations if 8; # O or if the space-time is taken to be
nonstatic. Since the Robertson-Walker metric corresponds to a homogeneous,
isotropic space-time it follows that solutions both represent curved empty space-
times, in disagreement with Mach’s principle.

Two other conformally flat solutions are worth noting. Firstly the space-time

2
ds? = (1 - in‘) (di— dr?—72 467 ~72 sinf dg?) (#2)

¥

which arises in scalar gravitational theories (see Schild 1962) and secondly

2

ds? = Z(deP~ dr =1 d62 =17 sin% dg?)
-

which is the solution of the Einstein-Maxwell equations discovered by Robinson (1959)
and which has been shown to represent the field of a repelling particle by Lovelock
(1967). Hence the generalized field equations admit solutions with nongravitational
characteristics.

Type 11. Asymptotically flat space-times

Solutions (ia), (iiia), (ivB), (v) are of this type as well as some solutions of type I,
such as (42). It can be shown (Phillips 1969) that unless @ = 1, which gives the
Schwarzschild solution, no solution of equations (39) to (41) can agree with the
Schwarzschild solution in regard to the three tests of general relativity. If we denote
the values given by the Schwarzschild solution for the three tests by unity then the
proportionate values given by the solutions found here are

Solution Advance of Light-ray Red shift

perihelion deflection
(ia) 3 3 1
(ii, 42) -3 0 1
(iiia) F 2 1
(ive) 0 3 0
) 1

Type II1. Recurrent space-times

Solutions (iB), (iiiB) and (ivD) are found to be recurrent space-times, that is, they
satisfy the relation

Raﬁ yoEe = KeRaB ¥é



Generalized field equations in general relativity 609

where the recurrence vector «, is given by

2m
Ke = [—— o 0,0, 0] (43)
where
3a—~1 “
med, (#4)

In fact, it is found that for any value of @ other than a = 1 and @ = 3, there is a
recurrent space-time solution of equations (39) to (41) with recurrence vector given
by (43). These space—times are of the form

ds? = 7= 2m+D 42 — p2m=D(dy2 + 2 d6? 4 72 sin%0 d¢?)

where m is given by (44).
The physical interpretation, if any, of these solutions is quite obscure; they
cannot represent the gravitational field of a massive body since the orbits of particles

are not approximately ellipses.

Type IV

Solution (ivc) is precisely the zero-parameter solution of Kilmister’s equations
found and discussed in I. It was shown that some of the properties of this space-time
were consistent with an empty space-time with curvature due to the presence of
distant matter, but some of its other properties did not admit a reasonable physical
interpretation.

Type V
Solution (iva) does not fall into any of the above categories. The orbits of particles
are not approximately ellipses and the physical interpretation is obscure.

7. Conclusions

One of the significant features of the generalized field equations formulated here
is the embarrassment of riches provided by the large number of solutions that have
been found so far. It is particularly noticeable that the largest numbers of solutions
have been found for the two values, a = % and a = £, for which the field equations
can only describe vacuum fields.

Many of the solutions found here can be rejected on the grounds that they cannot
describe the gravitational field of a massive body. Those that can describe such a
field predict results for the three tests which differ considerably from those of the
Schwarzschild solution. However, the solutions found here are presumably only a
few of the many possible solutions that can be obtained for different values of @ and
different ennuples, so it is possible that one solution may exist that agrees with
observational evidence without having those properties of the Schwarzschild solution
to which Kilmister objected. These generalized field equations are aesthetically less
satisfying than the Einstein equations since there is no unique solution and the choice
of solution will have to be made on the observational evidence, but they are none the

worse for that.
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One question that we have been unable to answer and which may be worth
considering is: Is there any value of 4, other than @ = 1, which leads to a unique
solution for the field equations—even for the equations (39) to (41) obtained from
the restricted ennuple?
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